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ABSTRACT
Let K be a field and let G be a finite group. G is K-admissible if there
exists a Galois extension L of K with G = Gal(L/K) such that L is a
maximal subfield of a central K-division algebra. This paper contains a
characterization of those number fields which are Qig-admissible. This
is the same class of number fields which are 24¢ = SL(2,9) and 247
admissible.

1. Introduction

Let L be a finite extension field of the field K; L is K-adequate if L is a maximal
subfield of a division algebra with center K.

A finite group G is K-admissible if G ~ Gal(L/K) for some K-adequate
Galois extension L of K.

The main result of [3] states that if H is any subgroup of SL(2,5) which
contains a Sp-group, and K is a number field, then H is K-admissible if and only
if either /=1 =1 ¢ K or K has at least 2 places over the prime 2. In [6] the
same conditions were shown to characterize the number fields K for H = A4g, A7
or Dy, the dihedral group of order 8, to be K-admissible. In this paper we will
consider number fields K which satisfy

(*) Either i and /=2 are both not in K or K has at least 2 places over the

prime 2.

The purpose of this paper is to prove the next result.
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THEOREM A: Let K be an algebraic number field. The following are equivalent.
(1) G, the quaternion group of order 16, is K-admissible.
(ii) 2A¢ ~ SL(2,9), the double cover of As, is K-admissible.
(iii) The double cover 247 of A; is K-admissible.
(iv) Condition (*) is satisfied.

In an earlier paper [2] it was shown that 244 and 24 are Q-admissible. This
result is of course subsumed under Theorem A, though a different construction
was used in [2].

All of these results are initially based on Schacher’s criterion 5] which asserts
that a number field L is K-adequate if and only if every Sylow group of Gal(L/K)
is contained in the decomposition group for at least 2 places of K. By the
Tchebotarev density theorem, only noncyclic Sylow groups need to be considered.
Then Mestre’s Theorem [4] is used to construct suitable polynomials. The third
key result is Serre’s Theorem (7], which makes it possible to consider double
covers. All of these statements are summarized in [3].

It is not easy to construct a polynomial with Galois group 24;. The smallest
possible degree is 240, the minimum index of a subgroup of odd order. As far
as I know no one has found a polynomial with Galois group 246 or 247 over Q.
(I have found one with Galois group 245 over Q of degree 24 (on a computer),
however the splitting field is not Q-adequate.)

The fact that (i), (ii), or (iii) implies (iv) in Theorem A is not difficult. See
Theorem 3.2. The converse is however much more subtle. The essential new diffi-
culty arises in the proof of Theorem 4.6. Let K; be the completion of K at some
place over 2. Assume that [K2 : Q2] > 1. Then Q6 is a Galois group over K.
However, additional conditions are needed to show that there exists an extension
of K of Q with Galois group @6 such that the decomposition group at Kj is
also Q6. For Qs the existence of such an extension can be settled fairly easily,
see [3, p.10]. The case of Q)¢ is handled in this paper by constructing explicit
polynomials. Unfortunately several cases need to be considered separately. This
is done in Sections 5-8. Mestre’s method is then applied twice, first in Section
9 to construct a quartic, then in Section 11 to construct a polynomial of degree
7, which is used to complete the proof of Theorem A. [6, Corollary 2] is helpful

here.
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2. Notation

The notation in this paper is standard but we list some of it here to avoid con-
fusion.

If v is a nonarchimedean place of K and a is an integer in K with a # 0, then
vy(a) is the exact power of the prime ideal corresponding to v which divides a. If
a, b are integers in K with ab # 0 then v,(a/b) = vy(a) — v,(b). The completion
of K at v is denoted by K,.

Let E be a field and let f(z) be a monic polynomial in E[z] with distinct roots.
Define Try(a) to be the trace of a in E[z]/(f(z)). Then gs(a) = Trf(a?) defines
a nondegenerate quadratic form over E. If K is a number field, let w,(f) denote
the Hasse invariant of this form at the place v, («, ), denotes the Hilbert symbol
at v.

Let A(f) denote the discriminant of the polynomial f.

If a,b € K* write a ~ b if a = bc? for some c € K.

Let D,, @, denote the dihedral group, quaternion group, of order n respec-
tively.

3. Admissibility for local fields

THEOREM 3.1: Let p be an odd prime and let K, be a finite extension of Q,
with residue class field Fy. Let H be a Galois group over K, and let T be a
2-group contained in H.
(1) If g =1 (mod 4) then T is not a dihedral group (of order at least 8) nor a
quaternion group.
(i1) If ¢ = 3 (mod B) then T is not Q5.

Proof: Replacing K, by a finite extension it may be assumed that H = T. The
corresponding field is tamely ramified as ¢q is odd. Hence T is a homomorphic
image of G = (z,y | z7'yz = z7). Let G4 be the subgroup of G generated by
all 4" powers in G and let G = G/G4. Then 71§z = §? = § in Case (i) and
so neither a dihedral group of order at least 8 nor a quaternion group can be a
homomorphic image of G.

If ¢ = 3 (mod 8) then § is not conjugate to §7! in G = G/ < y® >. Thus (ii)
follows. [

THEOREM 3.2: Let K be an algebraic number field which has only one prime
divisor of 2. Assume that either i = \/—1 € K or /=2 € K. Then none of Qs,
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2Ag, 24, is K-admissible.

Proof: Let H = (¢ or 2A, for n = 6 or 7. Suppose that H is K-admissible. Let
L be a K-adequate extension of K with H = Gal(L/K). By Schacher’s criterion
[5] or [3 ,Theorem 2.1] a Sy-group T of H is contained in the Galois group of
at least 2 completions of K. As |T| > 2, neither of them can be Archimedean.
Hence by assumption one of them, K, occurs at an odd prime p. Let F, be the
residue class field of K,. If i € K then ¢ = 1 (mod 4). If /=2 € K then ¢ =1
or 3 (mod 8). As T is a quaternion group of order 16, this contradicts Theorem
3.1. ||

4. The construction of certain polynomials

Let K be a number field. Define h(z) € K[z] by
(4.1) h(z) = z* — 2az® +b, ab#0.
The following 3 facts are well known. See e.g. (3, Section 5]
(4.2) A(R) = 256b(a® — b)? ~ b
If w, is the Hasse-Witt invariant of the form Trx(a?) at the place v then
(4.3) wy(—2, A(h))y = (a,—1)y(b, —2a),(a® — b, —ab),

for every place v of K.

THEOREM 4.4: The following are equivalent.
(i) h(z) is irreducible with Gal(h(z)/K) =~ Ds.

(ii) b,a® — b,b(a% —b) are all nonsquares in K.
For convenience we state here a consequence of Serre’s Theorem [7].

THEOREM 4.5: Let L be a splitting field of h(z) over K. Suppose that Gal(L/K)
~ Dg. The following are equivalent.

(i) L € M with Gal(M/K) =~ Q6.

(i) we(—2,A(h))y =1 for every place v of K.

Our immediate object is to prove the following result.
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THEOREM 4.6: Assume that (*) of Section 1 is satisfied. There exists a polyno-
mial h(z) as in (4.1) such that the following hold.
(1) There exist at least 2 places in K which do not divide 3 so that the decom-
position group at each of these is Dg.
(ii) wy(—2,A(R))y, =1 for every place v of K.

This will be proved in the next 4 sections. The proof is divided into 3 cases as
follows.

I)i=v-1¢Kand V-2¢ K.

(I) i¢ K,/-2€K.
(III) i € K.

5. 2-adic fields

In this section K is a finite extension of Qz such that the index of ramifica-
tion ¢ = 2k is even. Let K be the maximal unramified subfield of K. Then

[K : Ko] = e = 2k. Let F, be the residue class field of K and let Ay be the group
of all (¢ — 1)st roots of unity in K. Let A = Ao U {0}. Then A C K,. If 7 is any

prime element in K and 8 is an integer in K then
o .

(5.1) 0=Ea,~1r’, aj € A,
0

Furthermore, the coefficients a; are uniquely determined by 6. By (5.1)

(5.2) 6* = Z a?w” +2 Z aja,mite.
J<s
Hence
k -
(5.3) ¢ = Zafrz’ +2agoqm  (mod x2k+2),
0

There exists a unit u with
(5.4) 2 = n2ky,

LEMMA 5.5: If o € Ko and a = 0 (mod ) then a = 0 (mod #2F).

2k

Proof: Clear as n** is a prime in K. |
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LEMMA 5.6: 1+ 72 is not a square in K.

Proof: If 1+ 7% = 62 then (5.3) implies that
1+ 7? = Sadn¥ + 200017 (mod 725+2),

Hence ag = @y =1 and aj = 0 for 1 < j < k. Therefore 0 = 27 (mod 7?¥+?)
which is not the case. |

LEMMA 5.7: Suppose that /-2 € K.
(i) Ife > 2,—(1 + 7?) is not a square in K.
(i) If e = 2 there exists a prime mo such that —(1 + ) is not a square in K.

Proof: Since /=2 € K, u = —v?, If v = Zy;7* for v; € A, (5.3) yields
(5.8) u=—(7 + 727 + 2yo117) (mod *).
Suppose that 82 = —(1+ 72%). As =1 =142+ 4 (mod 8) it follows that
(5.9) “1-m=(1+2+4)(1+7*)=1+2+4+ 7% 4277 (mod 7°).
(1) By (5.3) and (5.9)
14nt42= Ea?w” + 20907 (mod 27%).
Hence by (5.8)
1472 +42n* = Ea?w” + 29 (mod 27%)

as 72% = —7?* (mod 27?). Thus ap = oy = landa; = 0 for 1 < j < 2k.
Therefore
véx?* = a2 n?* 4 27 (mod 27?)

and so 7¢ = o2, (mod 7). By Lemma 5.5, 0 = 27 (mod 2n?) which is not the

case.
(ii) By (5.9)
—“1-n?=1424+44 72+ 222 = 1 4 un? + w22 + 72 + u®2? (mod 7°).
As 27* = 0 (mod =%) this yields

(5.10) ~1-72=1- (% +727%)n® + 7? (mod =°).
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Suppose first that Ky # Q2. Choose v € 4,7 # 1. Let 7 = y714/=2. Hence
2 =—+271% and v = vy = 49,71 = 0. Now (5.3) and (5.10) imply

1— 47?4+ 72 = o + o?7? + 20907 (mod 7).
Therefore ap = 1 and
(5.11) (1-4% — a})n? = 207 (mod 7*).
Hence 1 — 42 — a? =0 (mod =) and so Lemma 5.5 implies that
0 = 2a;7 (mod 7).

Thus a; = 0 and (5.11) implies that 42 = 1 (mod =) which contradicts the choice
of «.

Suppose finally that Ko = Q2. Thus K = Qa(v/=2). Let 7 = /=2(1 4+ v/=2).
Thus v = (14++v/~-2)"'andsov = v~ ' =147 (mod #2). Thus yo =, =1
and (5.10) becomes

~l-mt=1-7m*-a*+7? =14 7" (mod °).
Therefore (5.3) implies that
14+ 7* = o2 + a37? + a7 + 20907 + 2a0027% (mod 7°).
Hence ag = 1,a; = 0 and so
1+7* =1+ a27* + 2a97? = 1 + a2x* — g7 (mod 7°).

As a3 € Ky, a? — a3 = 0 and so 7* = 0 (mod #°) which is not the case. [

LEMMA 5.12: Suppose that i € K and k is odd. Let « = 1+1. Then 1 + a2,
2+ a? and (1 + a?)(2 + o?) are all nonsquares in K.

Proof: Since k is odd v(a) is odd. Furthermore 2+ a? = 2(1+:) and so v(2+a?)
is odd. Thus neither 2 + @2 nor (1 + a?)(2 + o?) is a square in K.

Let K; be an unramified extension of Q(i). By Lemma 5.6, 1 + a? is not
a square in K;. Therefore Q2(i,v/1+ a?) is ramified over Q;(i). Hence if
v1+ aZ € K then 2|k contrary to assumption. 1
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LEMMA 5.13: Suppose that i € K and k > 4. Let 1 — { = n*v for a prime 7 in
K. Then v = Tvy;n’ with v # 0,m =0 and v; € A for all j.

Proof: As v is a unit, 79 # 0. By definition 1 —i = 7r"27,~7rj. Thus
(5.14) 1—i— vk = 37! (mod =*+2),

Since k > 4, Ko(i,7*) is a proper subfield of K. As

1-:
py

— 4 =0 (mod =)

it follows that
1-—
v( —

1
—"/o) > 1.

Hence 7; = 0 by (5.14). ]

LEMMA 5.15: Suppose that i € K and k > 4. Let 7 be a prime in K. Then
1+ 72,2+ 72, and (1 + 72)(2 + %) are all nonsquares in K.

Proof: By Lemma 5.6, 1 + 72 is not a square in k.
Let 1 — i = 7¥v. By Lemma 5.13, v = £v;7’ with v; € A and 71 = 0. Since

—i= 1_(1 Z(l—z)’

it follows that -
i=— Z(wkv)j.
)

By (5.3) this implies that
(5.16) iv? = —v? E(wkv)j = —v? — v*n* = v? 4 v¥7f (mod 7).
Observe that 2 = in?v?. Hence
2+ 7?2 = 72(1 + 72 250?),
Suppose that (2 + 72)(1 + #2) is a square, then

14+ 72 + 72820 4 72%i0? = (1 + 72)(2 + n2)n 72 = 62,
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By Lemma 5.13, (5.2) and (5.16)
6% =1+ 72 + 12122 4 4272 (mod 72++2),
By (5.3) this implies that
1+7%+ ‘yngk 24 7212" = Ea 202 4 2ag0q 7 (mod 1r2k+2).
Hence ag = a; =1 and
=14 72 +7§«2"‘2 +72 2k Zaz % =27 (mod 7r2"+2).

Therefore v(n) = 2k + 1. However € K(7?) and so v(n) must be even contrary
to the previous statement.

Suppose that 2 + 72 is a square, then so is
14+ 7% 20? = (24 7¥)n % = 62,
By (5.16) and Lemma 5.13

(5.17) ? =147 202 4+’ =14 7r2"_2(27f7rzj + 43xF)
=1+ Zy}-w""’zi_z + 7g1r3k_2 (mod %),
J
By (5.3)
8* = Sajn? + 2Za,~a, (mod k).
i<s

Hence ap = 1,0 =0for 1 < j <k -1 and ag_y = 4. Thus

=1+ Z a?wzi + 27o7% 7! (mod 7%F).

ixk—1
Therefore
= 2’y(;7rk_1 {mod 7r3'°),
where
_1+272 2k+23-2+73ﬂ,3k -2 _ 4 _ Z af';rz-i
k=1

Hence v(n) = 3k — 1 is odd, which is impossible as n € Ko(n2). |
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LEMMA 5.18: Suppose that i € K, none of /1 +1,w =1, /1 —¢ arein K and
[K : Kol =4. Theni,1+ i and i(1+1) = —(1 — 1) are nonsquares in K.

Proof: Clear. B

LEMMA 5.19: Suppose that i € K, 7 is a prime in K and [K : Ky] = 4. Then

7, 1 —x, m(1 — ) are all nonsquares in K.

Proof: Clearly © and n(1 — ) are nonsquares in K as they are primes. If
1— & = 62 then (5.2) implies that 1 — m = a2 (mod #?), which is not the case.
|

6. Case I of Section 4
Throughout this section K is an algebraic number field such that i ¢ K and

V3¢K.

LEMMA 6.1: There exist infinitely many rational primes p with p = 7 (mod 8)
such that some prime divisor of p in K has odd residue class degree.

Proof: The Galois closure L of K(v/2,4) over Q is K(v/2,4) where K is the
Galois closure of K. If i € K(v/2) then /=2 € K(v/2) and so K(i) = K(v/=2).
Thus v/2 = iv/=2 € K and so i € K(v/2) = K contrary to assumption. Hence
there exists ¢ € Gal(L/K(+/2)) with (i) = —i. By the Tchebotarev density
theorem there exist infinitely many primes p some of whose divisors in K(v/2)
correspond to ¢. Then p = 3 (mod 4) and the residue class degree of the selected
divisor of p in K(v/2), and hence in K, is odd. As v2 € K(v/2), p = £1 (mod 8).
Therefore p = 7 (mod 8). |

Proof of Theorem 4.6 in Case (I): By Lemma 6.1 there exist primes p; # p2

which do not ramify in the Galois closure K of K over Q, all of whose divisors

have odd residue class degree in K and satisfy p; = —1 (mod 8) for j = 1,2.
Then p1p2 = 1 (mod 8) and so pi1p; = £2 + m? + n? for ,m,n € Z such that

n is relatively prime p;ps. Hence for any place v of K
(6.2) (p1p2 — n?,—1), = (£* + m?,-1), = 1.
Let a = pyps, b = p1pen? and let h(z) = z* — 2a2? + b. Then

b~pipe,  d—b=pipa(pip2 —n?),  ba® —b) ~ (prp2 — n?).
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Let {7;} be all the prime divisors of p;p; in K. Let v; be the valuation of

K corresponding to w; for all . As p; and p; are not ramified in K, vj(b) and

v;(a*—b) are odd for all j. Since p = 3 (mod 4),(—1/p) = —1for p = p; or p. As

the residue class degree of each ; is odd this implies that b(a? — b) ~ (p1p2 — n?)

is not a square in the completion K; of K at v;. This proves Theorem 4.6 (i).
Let w = w, for any place v of K. By (4.3)

w(=2, A(h)) = (p1p2, —1)(P1P2, —2P1p2)(P1P2(P1P2 — %), —1)
= (p1p2,2)(P1p2 — 7%, —1) = (p1p2,2)

by (6.2). As p; = —1 (mod 8), (p;,2) =1.

7. Case II of Section 4

Let K; and K3 be two completions of K at prime divisors of 2 in K. For j =1,
or 2 use Lemmas 5.6 and 5.7 to choose a prime 7; € K; so that +(1 + 7rf) are
both nonsquares in K.

Define hj(z) = o* —2a;2? +b; with a; = 1 and b; = 1+n3. Then a—b; = —x?
and bj(a?—b;) ~ —(1+n?). The weak approximation theorem yields the existence
of an element 7 in K such that if a = 1 and b = 1 + 7% then Theorem 4.4(ii)
holds. Furthermore by Krasner’s Lemma it may be assumed that Theorem 4.6(i)
holds.

Let w = w, for any place v of K. By (4.3)
w(—2, A(h)) = (ba _2)(1 —b, _b) = (b, —2)(—7!'2, 1+ 7l’2)(—7l'2, _1)'

As /-2 € K and (—1,-1) = (-1,2) = 1, Theorem 4.6 (ii) holds.

8. Case III of Section 4

Let K, and K; be two completions at prime divisors of 2 in K. For j = 1,2
we will first show the existence of elements c;j,uj,v; in Kj such that a; = ¢,
bj = 2u? 4+ v# and hj(z) = z* — 2a;2* + b; has Galois group over K isomorphic
to Dg. By Theorem 4.4 the latter condition will follow once it is shown that b;,
a2 — b; and bj(af — bj) are all nonsquares in K.

Let e; denote the ramification index of K; over Q2. The following cases will

be handled separately.

(8.1) ej =2 (mod 4).



152 W. FEIT Isr. J. Math.

(8.2) ej =0 (mod 4) and e; > 4.

(8.3) ej=4andnoneof\/1+z',\/1—i,w=\/;arein K.

(8.4) ej=4andw=VieK.
(8.5) ej=4andvVli+erec Kfore=1lor -1

In Case (8.1), let aj = i2,b; = 2 + o® in Lemma 5.12.

In Case (8.2), let aj = :%,b; =2 + #? in Lemma 5.15.

In Case (8.4), let a; = 12,b; = m in Lemma 5.19. Since /-2 € K, (b;,-2) =1
and so b; = 2u? + v? for some u;,v; € K.

For the remaining cases we need the following,

LEMMA 8.6: Let § = 1+ or v/1+¢et fore = 1. Then ($,-2) = 1 and so
B = 2u? + v? for some uj,v; € K.

Proof: Let F = Q(f). Then § is a unit at any completion other than the
completion F; of F at the unique place dividing 2. Hence (8,-2), = 1 for any
place v other than 2. The result follows from the product formula. |

In Case (8.3), let a; = 1%2,b; =1 + ¢ in Lemma 5.18 and use Lemma 8.6.

In Case (8.5), let a; = 12,b; = v/T + &i in Lemma 5.19 and use Lemma 8.6.

The weak approximation theorem and Krasner’s Lemma imply the existence of
elements c,u,v € K such that if a = ¢2, b = 2u® 4+ v and if h(z) = z* —2az? +b
then Theorem 4.6 (i) holds.

Let w = w, for any place v of K. By (4.3)

w(=2,A(h)) = (b,~2)(1 - b, —c*)

As b=2u? +v%,(h,—2) = 1. As —1 = ¢? this yields Theorem 4.6 (ii).
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9. The polynomial f(z)

THEOREM 9.1: Let K be a number field which satisfies condition (*) of Section
1. Then there exists a quartic polynomial f(z) € K(z) such that the following
hold.
(i) Gal(f(z)/K) ~ Zq.
(1) There exist two places vy,v2 of K such that the decomposition group at
each of these is Dg.
(iii) If w is the Hasse invariant of the form ¢y over K at any place then

w(-2,A(f)) = 1.

Proof: Let h(z) be the polynomial defined by Theorem 4.6. Let hy(z) = h(z)z.
Let vy, v2 be two places of K such that the decomposition group at these places
is Dg. By [6, Corollary 2] there exists an H-general polynomial P(z) such that
if a; are the roots of hi(z) and B; are the roots of P(z), then after a possible
rearrangement K(a;) = K(B;) for all j. Thus A(P) ~ A(hy). By Mestre’s
Theorem [4] or [3, Section 4] there exists a polynomial Fr(z) = P(z) — TQ(z),
where T is an indeterminate, such that Gal(Fr(z)/K(T)) ~ Zs and the quadratic
forms gr,and gp are equivalent over K(T'). By [3, Lemma 6.3] there exists t € K
such that Gal{Fy{z)/K) ~ I5 and the decomposition group at v; and vz is Ds.
Hence Fi(z) has a root in the completion K of K at v;. Furthermore a splitting
field of F; can be imbedded in a field M with Gal(M/K) ~ & by Serre’s
Theorem (7] or [3, Section 3]. Now the existence of f(z) follows from either (3,
Lemma 6.6] or {1, Theorem 4]. |

THEOREM 9.2: Let f(z) be the polynomial defined in Theorem 9.1. Then there
exist places v3 and vq of K distinct from vy and vy such that v; has residue class
degree 3 over K, a rational prime over v; is greater than 7 and —3A(f) is a

nonzero square in the residue class field corresponding to v; for j = 3,4.

Proof: Let o be an element of order 3 in the Galois group of f(z)(z? + 3A(f))
over K. The result follows from the Tchebotarev density theorem. |

10. A cubic polynomial g¢(z)
The notation of Section 9 is used in this section. Let A = A(f).

THEOREM 10.1: There exists a cubic polynomial g(x) with the following prop-

erties.
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(i) A(g) ~ A.
(ii) A rational prime over vj is greater than 7 and ¢ has ramification index 3
at vj for j =3 and 4.
(iii) ¢ has a root at the completion K; of K at vj for j = 1,2.

Proof: By Theorem 9.1
(10.2) 1 (A) > 0, v2(A) > 0.
Thus by Theorem 9.2 there exist algebraic integers s, a, 8 € K so that
s =270 + B2A
and
n(s)=vs) =0,  wvs(s) =w(s) =1,

where v; is the valuation corresponding to v;. Thus also vj(a) = 0 for j = 1,2.
Then
4s® = 27(2sa)* + (238)A.
Define
g(z) = 2° — sz + 2sa.
Then
A(g) = 4s° — 27(2sa)? = (258)*A ~ A.

Thus (i) holds. The Newton polygons imply that (ii) holds.
Let 7 be a prime in K for j =1 or 2. Substitute 3a in g(z) and ¢'(z) and
—6a in g(z). By (10.2) this yields

9(z) = (z — 3a)*(z + 6a)(mod 7).

Since 3a # —6a(mod ) as vj(3) = vj(a) = 0, Hensel’s Lemma implies (iii).
|

11. The proof of Theorem A

The fact that Condition (i), (ii) or (iii) of Theorem A implies (iv) follows from
Theorem 3.2.

(iv) = (i). This follows from Theorem 4.6.

Before proceeding we need the next result.
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LEMMA 11.1: Suppose that K is a number field which satisfies condition (*) of
Section 1. Then there exists a monic polynomial F(z) € K|z] of degree 7 and 4
places vy, vq,v3,v4 of K such that the following hold.

(i) Gal(F(z)/K) ~ Az

(ii) The decomposition group at vy and vy is Dg.

(iit) The decomposition group at vz and vs4 has order divisible by 9.

(iv) F(z) has a root at the completion K;j of K at v; for j = 1,2,3,4.

(v) If v is a place of K and w, is the Hasse invariant of the form gqr over K,

then w, = 1.

Proof: Let f(z) be defined in Theorem 9.1 and let g(z) be defined in Theo-
rem 10.1. By [6, Corollary 2] there exists an H-general polynomial P(z) such
that if a; are the roots of f(r)g(x) and B, are the roots of P(z), then af-
ter a possible rearrangement K(a;) = K(f;) for all j. By Theorem 10.1 (i)
A(P) ~ A(f)A(g) ~ 1. By Mestre’s Theorem [4] or [3, Section 4] there exists
a polynomial Fp(z) = P(z) — TQ(z), where T is an indeterminate, such that
Gal(Fr(z)/K(T)) ~ A7 and the quadratic forms ¢r, and gp are equivalent over
K(T). By [3, Lemmas 6.3 and 6.6] there exists t € K so that if F(z) = Fy(z)
then Gal(F(z)/K) ~ A7 and (ii} and (iii) are satisfied.

Let G; be the decomposition group at v;. If § =1 or 2 then G; ~ Dy and
so Gj C Ag. Hence (iv) is satisfied in this case. If j = 3 or 4 the extension is
tamely ramified as the prime corresponding to v; is greater than 7. Thus G; is
a meta-cyclic subgroup of A7 which contains a S3-group of A7. Hence |G;| = 9.
Therefore G; C Ag and (iv) is also satisfied in this case.

Let v be a place of K and let w = w,. Then

w(F) = w(P) = w(fHw(g)(A(f), Alg)) = w(f)w(g)(-1, ),

where A = A(f) ~ A(g).
By Theorem 9.1 w(f) = (—2,A). Furthermore w(g) = (2, A) for any cubic by

Serre’s Theorem, see e.g. [2, Lemma 3.13]. Therefore
w(F) =(-2,A)2,A)(-1,A)=1. 1

Lemma 11.1 and Serre’s Theorem show that (iv) implies (iii) in Theorem A.
Thus (iv) implies (ii) by Lemma 11.1 and either [3, Lemma 6.6] or [1, Theorem
4]. This completes the proof of Theorem A.
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